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Abstract. The singular manifold equations are used to construct nonlinear integrable partial
differential equations. A number of well known integrable equations (hierarchies of
Korteveg-de Vries, Caudrey-Dodd-Gibbon, Kaup-Kuperschmidt, and Harry Dym) are
obtained. Some new integrable equations are presented. A possible approach to classification
of integrable evolution equations is discussed.

1. Introduction

In this paper we use the equations

z,+z.G({z; x})=0 ) (1.1)
where G(w) are operators or functions of
XXX 3 ZZXK
o={z;x} =222 == (1.2)
Zy 2 Z%

to construct integrable evolution equations.

Equations (1.1) often arise when nonlinear partial differential equations are studied
for the Painleve property [1-7].

The advantage of (1.1) is that its solutions are invariant under the action Mébius
group on z [5, 8, 9]

az+b
cz+d

o

ab—cd=1. (1.3)
Equations (1.1) can be written as functions of two elementary homographic invati-
ants [8, 9]
C=G(S) (14
where

c=-= S={z;x}.

Zx

We can see from (1.4} that (1.1) are the simplest ones which are invariant under
the Mdbius group.
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Later in this paper we show that (1.I) give a reasonable grouping of the most
common integrable equations and allow us to look for new integrable partial differential
equations.

2. The singular manifold equations

We will call (1.1) singular manifold equations.
Some equations of family (1.1) are well known as integrable partial differential

equations.
In fact we have for
G=w={z; x} (2.1)
the Krichever-Novikov equation [10]
z,+ zm—3zix=0. (2.2)
2z,

The equations of family (1.1) were studied in [11] when G(®) was a function of w.
In [11] it was obtained that (1.1) are integrable equations in the cases

Glw)=Ci+ Coo (2.3)
G(@)=C\— (Cy+ Co00) 2 ' 2.4)
G(QJ)=C[ _ C3+2C4m (2.5)

aS C2+ C3C!) + Cyt0

where C,, C, C; and C, are arbitrary constants.

Weiss has studied the equations of family (1.1} in detail and has shown that these
equations will possess identically the Painleve property, when there exists a transforma-
tion [12]

Ze= Yy 2.6)

where  is rational and negative and y satisfies (1.1).
In particular, Weiss has found that the singular manifold equations

z,+sz"+’({z;x})=0 ks
where 6" is determined by the Lenard recursion relation [12]

d

— " =t 20bt o b =1,2,...

P e+ 20D+ @, {n ) @7

=1 M=o

have transformation (2.6) at m=—1 and give the Korteveg-de Vries (kdv) hierarchy
[12].

The singular manifold equations for sequences of Caudrey-Dodd-Gibbon and
Kaup-Kuperschmidt equations have the form [12]

Zr""szn({Z; x})=0 (hs)
z+ 2,Go({z; x})=0 (g5)
(operator H, and G, are given in [12-17].)
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it is known that equations (%) and (g,) possess the symmetries z.=¢:% and
Ze=g7 2 [12]. '

The singular manifold equations with formulae (2.3}-(2.5), (&), (k) and (g;) will
be used later to construct nonlinear integrable partial differential equations.

3. The families of modified and Lax equations

We have recently considered the following family of equations [18]:

u.r,+i [(£+u)G(ux—u—z):|=0 (3.1)
ox | \dx 2

where G(u,— t°/2) is an operator or smooth function of u, —z*/2. QObviously, the family
of equations (3.1) contains the modified Kdv equation at G=u,—u*/2.
Let uws take two transformations,

2z +@

=- 3.2

“ gtz Zy (3.2)
and

p=xx ‘ . ' (3.3)

Zx

We then have the following theorems.
Theovem 3.1. If transformations (3.2) and (3.3) are valid, then

O =t~ /2=v,—v*/2={z; x}. (34

Proof. Substituting transformations (3.2) and (3.3} into (3.4) gives equality.

Theorem 3.2, Let x(z, t) be solutions of (1.1), then x(x, ) and o(x, £) by (3.2) and (3.3)
give solations of (3.1).

Progf. 1t follows from the equations that

al/e8 ? i 2 13
wd [(a+u)6(ux—%)]= -Z Kzo+z+‘; a)(zﬁzﬁ({z, %} ))} (3.5)
alfe A\[_a1 @ "
"f*"a;[(a*”)f"(”*"z)]‘é;[;5;(?’“*‘3“"‘"”’]' (36)

Now let us take the family of Lax equations [19, 20]
@+ Gy + 0,6+ 206, =0 G=G(o, ®;,...) (3.7

where G in (3.7} are smooth functions or operators of @.
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Theorem 3.3. Let z{x, f) be solutions of (1.1), then

uZ
®=u,—~—={z;x} (3.8)
2
give solutions of (3.7).

Proof. Taking into account (3.5) and the Miura transformations (3.8) one can get the
equality

wr+Gxxx+wxG+2me
2z, @ ze\E[ 2 18
= x Y _Zxx1 Y SRR \o
(zo+z ox z,,)ax(zo+z Zxax)[z' 2:G({z; x})] (3.9

which proves the theorem.

At first glance it would seem that all equations of families (3.1) and (3.7) have the
Painleve property. In fact, we will have three arbitrary functions in the expansion of
the solution if G=u.—u?/2 is taken, as follows from (3.5). Higher-order equations of
family (3.1) can have derivatives of u,—%/2 with respect to x or ¢ and give a full
complement of arbitrary functions because of invariant (3.4). But the Painleve property
requires that all movable singularities are single valued in the neighbourhood of a
singular manifold z(x, £) =0 [2, 12]. This is not the case for a number of equations of
families (3.1) and (3.7). For example, if we take

=0, %
G=— [ux 2] (3.10)

we will get an equation from (3.7) that does not have the Painleve property [2, 12].
Note that similar examples of equations were considered by Clarkson {21]. His
second-order equation also has two arbitrary functions, but does not have the Painleve
property.
There are equations that both have and do not have the Painleve property among
equations of the families (3.1) and (3.7), depending on the form of (1.1).

4. Special solutions of equations (3.1)
It is convenient to use the singular manifold equations (1.1) for obtaining special

solutions of (3.1).
Let us consider the solitary wave solution of these equations:

Z(x, )=2(&) E=x—Cyt. 4.1)
We then get
G({Z;8})=Co ‘ (4.2)

from (1.1).
Assuming that

{Z;8}=-F (4.3)
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where & is an arbitrary constant, we have

Co=G(—k?). (4.4)
Solving (4.3) we find

28— ok tanh(kE + ) (4.5)

Ze

Z(&£)=b—a tanh(k&+ go) (4.6)

where gy, a and b are acbitrary constants.
Substituting (4.5) and (4.6) into (3.2) and (3.3) gives solutions of (3.1) in the form

v=—k tanh(%& + @)

__ak tanh(kE + ¢)

PP k tanh(k& + o). A7

In the case of the concrete function G{@) one can find other solutions of (3.1). For
example, if we take for G(w) (3.11) we will then get the solution of (3.1) in terms of
the standard Airy function.

Note that using this approach one can obtain the solution of equations that are
more general than (3.1).

Let us consider the following equations:

b é o u* _
il et

where Q is smooth function or operator of u,—1%/2.
Solutions of these equations can be found as solutions of the overdetermined set of
equations

Z+2Z,6({Z;x})=0 4.9

Q({Z; x})=0. (4.10)
For example, let us find a solution of the generalized Burgers—-kdv equation

th+ Uit — Ot ey = Al (4.11)

where o is a smooth arbitrary function of x and ¢.-
This equation is obtained from (4.8) at

uz

G: e —
4T3

and

L s
o= aax(ux )
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The overdetermined set of equations (4.9) and (4.10) has the form in this case of

2
Zot Z— T2 (4.12)
2Z,
a
a(x, t)—{Z;x}=0. (4.13)
ox

Solutions of this set of equations are expressed in terms of (4.7).
For a second example let us take the equation

u,-l-% 6%: [(@)x—']=0. {(4.14)

This equation is frequently referred to as the porous media equation [22-24]. It
coincides with (4.8) if we assume

G=u,—— -
2

and

The overdetermined set of equations (4.9} and (4.10) has the form in this case of

2
Z,+Zm—3222:n=0 (4.15)
a?.
Q{Z;x}=0. (4.16)

Let us look for solutions of set (4.15) and (4.16) as the self-similar solutions

X

Z(x, y=Z(9) 2 =7 (4.17)
We then get from (4.15) and (4.16)
{Z;S}=%. - : (4.18)
The solution of this equation takes the form
g
Z(9)=C1J Y&y dg (4.19)
0
where
3 e
Y(3)=C Al (3—)+ G Bl(g) (4.20)

Ci, Cs, C; are arbitrary constants, and Ai(y) and Bi(y) are the Airy functions.
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The solution of (4.14} can be presented in the form -

_G [y ﬁf' - ]}"__1_1
u tw{w [c; O Y(EY2dE T In ¥ (4.21)

where C; and C; are arbitrary constants.

5. Integrable equations of families (3.1) and (3.7)

Let us present a few integrable equations of families (3.1) and (3.7).

Obviously, (3.1) and (3.7) are integrable equations when (1.1) are also integrable
or have the Painleve property. ’

Substituting (2.3) into (3.1) gives the modified xav equation, but we can get the
new integrable partial differential equations from (3.1) taking into account (2.4) and
(2.5).

In particular, if Cy= C;=0and C;=1 in (2.4) one can obtain the following integrable
equation from (3.1):

= a a 7 _Ei - =

Assuming C,=Co=C,;=0 and ;=1 in (2.5}, the following integrable equation is

obtained: ]
LRI u2)"" 2]
fl =— —+ T N .2
" Jx [( dox u) (u 2 : G-2)

Substituting equations (&), (h;) and (g;) into (3.1} gives the following hierarchies
of integrable equations:

s
A— Ly —— =0 K.
¢ axt(ax ”) =72 | )
alfe af)}
t+_ —+ Hn x T =0 m
“ ax_(ax u) (u 2 ()
al{e uz)]
==t U™ =0. '
U o _(ax “)G (” 2 e

The property of possessing a transformation within class (1.1} is additive for (2.6)
with the same value of m [12].
For example, the equation

7,4z, % ab™ ' ({z; x3})=0 (5.3)

n={
has the auto-Bicklund transformation
Ze=y5' (5.4)

where a, is a function of ¢.
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We have the following integrable equations from (3.1):

AN il o
U+ — || —+u I "“(ux—*—')]:O. 55
! 6x[(6x )?0 b 2 )
One can obtain rational solutions of (5.5) using the iterative formula [12]
-1
__6z,,+1=zi(%) o (5.6)
ox dx

It is clear that equations of family (3.7) will be integrable too, when (1.1) possess
the Painleve property or (1.1) are integrable equations.

Substituting (2.3} into (3.7) gives the xav equation.

We can get new nonlinear integrable partial differential equations from (3.7) taking
into account (2.4} and (2.5).

In particular, if Cy=C,=0, C3=1 in (2.4) one can obtain the following integrable
partia] differential equations from (3.7):

@ = (0 ) i — DO 0. (5.7

Assuming C)= CG=C,=0 and ;=1 in (2.5), the following integrable equation is
obtained:

mf= (m—llz XXX~ (5'8)

Substituting equations (%), (&) and (g,) into (3.7) gives the hierarchies of the xav,
Caundrey-Dodd-Gibbon and Kaup-Kupershmidt equations, respectively [12]:

o+ Hw)=0 k)
o, + LH,(0)=0 (k)
o+ LG(®)=0 (g1

where the operator L is determined as
LF=F .+ . F+20F,.

Substituting (5.3) into (3.7} gives the following family of integrable equations:

o+ g b w)=0. (5.9)

n=0

One can also obtain rational solutions of equations (k) and (5.9) using (5.6).

6. New hierarchies of integrable eguations

We are now interested in studying the family of equations

8 [ ot _3E\|_
”‘+a_"x[u6(? 2 2u2)] 0 ©h
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where G(@) are smooth functions or operators of
Q=————. (6.2)

Let us seek solutions of (6.1) in the form [25, 26]

i

= TEZWx = . 6.3
u ZW, w s (6.3)
One can obtain [27]
LW = U — U (6.4)
W = Uy — Ul U (6.5)
using (6.3).
We also have
d
w,=——{zw). (6.6)
dx .
One can get the equality
G ey U 3&)} 8
| 2G| — g T T e +2.6(12; .
ax|: " ( u 2 % dx wzek2:6({z; x})] €7

taking into account (6.3)-(6.6).

We can see from the last expression that solutions of (6.1) are determined by (6.3)
if we know solutions of (1.1). We obtain that properties of (6.1) can be determined
using properties of (1.1). All.equations (6.1) have partial integrability in the form of
special solutions, but a number of these equations are integrable ones.

Substituting equations (k,), (k) and (gs) into (6. 1) gives the new hierarchies of
integrable equations

u,-*—i (ub™ (r))=0 k)
ox 7
G,

w,+— (UHL(r)) =0 (A1)
0x
]

u+— (WG(r )) =0 (gn)
ox

where
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ZL+Z,,G[{Z§><}]=0«—->C=GCS)
Ck), Ch), Cgd, (O] j
z. ez,
u = Z_ Tz, tz Cole - Hopf Ibragimov
- Zox s - Zx z(x,t) — VCY, tl
Yy = zx - Zo'l‘z v=zx,}r=z
a uxx - uz - ux _
u, + Sfue( 3= - - z1uz]] =0
k), r), (g3, 0|
1 L

u, + ;&[[-& + u]G[u”- -—g— ]: 0 v+ v? % F[ A %] =0

! -

(ks ), (g, (O |tx, (h), tg), 0]

u = explkv)

l

2
W= g—- = {Z3%> v+ [vx-l- %

( Koz 1. 2kv]o
J8) kv, - 5vi- Fe ]- 0

.

-}

2

T
|Ck, €h),(g), (0]

w'_+G + WG + 206 = 0| tmrmm————
x x X

—

Ck.d, ¢h), (g,d, €0))

S+ C,__ +2SC + CS = 0
o b 1.

Figure 1. Families of evolution equations and hierarchies of inteprable equations obtained
from the simplest singular manifold equations.

These are given in figure 1. '
We can also obtain the hierarchy of integrable equations

N 2 2
u,+~—a—l:u Y a,,b"*‘(ﬁw-“—ﬁ”-‘)]w (6.8)
dx u

=0 2 214!2

from (6.1) taking into account the singular manifold equations (5.3).
It is clear that a lot of integrable partial differential equations can be obtained from
(6.1) for such expressions of G(@) which give integrable equations from (1.1).
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In particular, if we take G(w)=—w"? in (2.4) we obtain from (6.1) the following
integrable equation:

o fuw 3uz)'2]
=— —_———— . 6.9
“ ax[u(u 2 2l (6:9)
1

In the case G(w)=—o""/* we have an integrable equation in the form

s, Uew W 31&)-]/2]
=y ————— . 6.10
“ ox [u(.’!u- 2wl (610
Let us consider (7.8) at N=0 and ¢y =1, which takes the form
3
: u,+i(uxx—f’——3—"zf)=o. ' (6.11)
dx 2 2u

This equation is integrable because its solutions can be obtained by using solutions
to the Krichever-Novikov equation (2.2). It has rational solutions which are found
from (2.2) and (6.3).

Substituting
_ u=e" (6.12)
into (6.1) gives the family of equations
1.:,+(v_,=+1 i)G’(ﬂw,m—lizu,’i—le:”"’)=0. (6.13)
k dx 2 2
In the case
2,1
G=kvy—— v2i——e**
2 2
we get from (6.13) the partial case of the Calogero-Degasperis-Focas equation [28, 29]
2 3
U Vo vi—ivxez""=0. (6.1{)

Taking into account equations (%,), (k) and (g;) we obtain three hierarchies of
equations from (6.13):

I &
e+l o+ - — 10" (p)=0 .
v (v. kax) (») (ko)
v-i-(v +-3)H( )=0 ko)
! *koox P &
18
+|oe+ > — |Gu(p) =0 .
o (v kax) (») (g
where
S|
2o

These are given in figure 1.
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One can also get the new hierarchy of equations if we use (6.13) and (5.3):

v +(v +-]— i) i a,.b"“(kv —Evz—lez"")ﬂ) (6.15)
AT kax/ .2 oY 2 ' '

The solutions to the equations of families (6.13) and (6.15) can be obtained from the
formula

{6.16)

if we know the solutions of (1.1).

7. The family of Harry Dym equations

Consider the equations of the family having the form

3
v,+02£F(vv,,,,—2£)=0 (7.1)
ay Z

whete F(q) are smooth functions or operators of

vt _
=™ 5" ‘ 72

Assuming in (7.1) that
UZ
F=q=vvyy—5y * - (7'3)
we obtain the Harry Dym equation [30]
o+ 0%, =0. (7.4)

The equations of family (7.1) are obtained from (1.1} using Ibragimov trans-
formations [31]:

z(x, —>v(y, ) v=z, y=z. (7.5)

In fact, we have

Zyx =0y (7.6)
I =00 toUs amn
Zxr= w + 1)er (7'8)

taking into account transformation (7.5). Substituting (7.5)-(7.8) into (1.1) gives (7.1).
By assuming that F=G(w) where G(wm) are determined by (2.3)-{2.5) we can obtain
nonlinear integrable equations from (7.1).
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In particular, we have the following integrable equations:

2 @ v} - |
v,+v @ uvyy——z— =0 (7.9)
d 2\
v,+2025(vvyy—3”) =0. (7.10)

We obtain three new hierarchies of equations from (7.1) if transformation {7.5) and
the singular manifold equations (k.}, (#,) and (g;) are taken into account.
In particular, the hierarchy of (k;) can be presented as

u,-l—vZ%{d"“(uvyy-—% vf.):l=0 (7.11)

where the operator d"*' has the form

9 s iuiuid”-!-z.g d"+2g_‘d"
dy dy 8y ay (7.12)

d°=1 d'=g=vv,,— 103,

The equations of family (7.1} have special solutions because of the exact solutions
of (1.1).

8. Conclusion

We have presented families of evolution equations and hierarchies of integrable equa-
tions which were obtained from the simplest singular manifold equations (1.1). These
families and hierarchies are given in figure 1. We have denoted hierarchies of singular
manifold equations having the Painleve property as (k.), (%) and (g;). Other integrable
singular manifold equations are grouped with (0Og). Taking into account trans-
formations (3.2), (3.3), (3.8), (6.3}, (6.12) and (7.5), we have found 15 hierarches of
integrab}e equations (k,,,), (k!)s (kn), (k‘.), (ka')- (km)s (h!)* (h,,), (h,_-), (ha‘), (gm)a (gf): (gn):
(g.) and (g,). All these equations are integrable because their solutions can be obtained
from equations (k,), (k) and (g;), which have the Painleve property. We have also
obtained a number of other integrable equations, (0..), (O), (0,), (0.) and (0.), using
(2.3), (2.4) and (2.5).

Note that the number of hierarchies of iniegrable equations in figure 1 is well known.
In particular, Weiss has considered in detail the hierarchies (k), (), (g/) and (k) [12].

We can se from figure | that the equations (k,.), (hn), (gn), (k2), (R)), (1), (kn), (hs)
and (g,) have the Painleve property for partial differential equations, but (k.), (%),
(2.), (k2), (ha), (g2) and other equations do not have this property.
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